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General Instructions

Reading time — 5 minutes
Working time — 3 hours
Write using black or blue pen

Board-approved calculators may be
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A table of standard integrals is provided
on the back page of this question paper

All necessary working should be shown
In every question

Total marks — 120

Attempt Questions 1 — 8
All questions are of equal value

Start each question in a new writing
booklet

Write your examination number on the
front cover of each booklet to be
handed in

If you do not attempt a question,
submit a blank booklet marked with
your examination number and “N/A”
on the front cover
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Total Marks - 120
Attempt Questions 1-8
All Questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are
available.

Question 1 (15 marks) Begin a NEW writing booklet

2
a) Evaluate I sec4dx tandx dx
16
b) Find Ix Inx dx
. 9x* +9x* +5x+4
Q) Find f T 2T T
3x t1
d) i. Find constants a, b and c such that
3x> —2x—3 _ axtb + c
x+9 x—3 xP*9 x~3
N . 3x° = 2x -3
i Hence find I al il dx .
x+9 x-—3
) o o 2 d9
e) By making the substitution ¢ = tan —, evaluate
2 1+ 5in9+ cos ©

End of Question 1

Marks
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Question 2 (15 Marks) Begin a NEW booklet

a)

Given A =3 +4iand B =1 -, express the following in the form x + iy
where x and y are real numbers.

AB

i. 4

|f w = '\/5 - l I
Find the exact value of |w| and arg w.

5

i Find the exact value of w” in the form a + ib where a and b are real.

On the Argand diagram, OA represents the complex number z, = x + iy,
ZA0OB = % and the length of OB is twice that of OA.

Show that OB represents the complex number -2y + 2ix .

i. Given that AOBC is a rectangle, find the complex number represented
by OC.

iii. Find the complex number represented by BA.
Sketch the region on an argand diagram where
lz—1|= V2 and 0 <arg( z+i) < % both hold.

End of Question 2

4

Marks



2010 Trial HSC Examination Mathematics Extension 2

Question 3 (15 Marks) Begin a NEW booklet Marks

a)

— N\

The diagram shows the graph of the function y = f(x) which has asymptotes,
vertically at x = 0 and horizontally aty =1 for x=20 andat y=0 for x<o .

Draw separate sketches of the following showing any critical features.

1

1 2
i. v=lrw |” 2
ii, v = ) 2

Question 3 continues
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Question 3 continued

Marks
b) |
A
!

B

The point A [ca, Ej , Where a # 1 lies on the hyperbola xy = ¢*. The normal
a

through A meets the other branch of the curve at B.

Show that the equation of the normal through A is 2

y=a’x+ Ca-ay
a
i. Hence if B has coordinates [cb, EJ show that b = _—i 3
a

. If this hyperbola is rotated clockwise through 45°, show that the equation 4

becomes
x> —y?=2c".

End of Question 3
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Question 4 (15 Marks) Begin a NEW booklet Marks

a) A solid shape has as its base an ellipse in the XY plane as shown below.
Sections taken perpendicular to the X-axis are equilateral triangles. The
major and minor axes of the ellipse are 4 metres and 2 metres
respectively.

< >
2 I
Write down the equation of the ellipse. 1
i. Show that the area of the cross-section at x = k is given by 2
A= £(4 -k?)
4
. By using the technique of slicing, find the volume of the solid. 2
b) The region enclosed by the curve y = 5x — x?, the x axis and the lines x = 1 4

and x = 3 is rotated about the y axis. By using the method of cylindrical shells,
find the volume of the solid so produced.

Question 4 continues
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Question 4 continued Marks
Q) The roots of the equation x* -3x*> +9=0 are «, 8 and 7
Determine the polynomial equation with roots «?, 8% and »*. 1
i, Find the value of @? + B2 + 7* and hence evaluate a* + 8° + 7*. 3
d) Given that the polynomial P(Xx)has a double root at x = @ , show that the 2

polynomial P' %) will have a single root at x = ¢,

End of Question 4
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Question 5 (15 Marks) Begin a NEW booklet Marks

a)

satellite ™ “

The gravitational force between two objects of masses m and M placed at a distance
r metres apart is proportional to their masses and inversely proportional to the square of

their distance apart, ie F = k

, k=>0.
-
A satellite is to be placed in orbit so that it will rotate about the earth once every 36

hours.

2

R mg 2
]/'2
Taking g = 9.8 m /s” and the earth’s radius R = 6400 km , find:

Show that F =

i. The height of the satellite from the earth’s surface 3
i The linear velocity of the satellite. 1
b) By taking logarithms of both sides and then differentiating implicitly, verify the 2

rule for differentiating the quotient y = % is given by

dy v xu'"'x —u x v x

X

2
vV X

Question 5 continues
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Question 5 continued Marks
Q) i, Show that the recurrence (reduction) formula for 4
n H — 1 n—1
I = |tan = xdx IS I, = tan x— 1, _,
n—1

—
ENE]
w

i, Hence evaluate tan “x dx

End of Question 5

10



2010 Trial HSC Examination Mathematics Extension 2

Question 6 (15 Marks) Begin a NEW booklet

a)

A solid of unit mass is dropped under gravity from rest at a height of H metres.
Air resistance is proportional to the speed (V) of the mass.
(acceleration under gravity = g )

Write the equation for the acceleration of the mass. (Use k as the constant
of proportionality)

i. Show that the velocity (V) of the solid after t seconds is given by

y=5@0-¢")
k

i By using the fact that di[é v? ] = %, show that
X

x = In

_gr g _kVT
| P

g~ kV g

Given z = cos @+ isin 6, and using De Moivres’ Theorem

Find an expression for cos 48 in terms of powers of cos 6.
Hint: you may use the expansion:

(a+b)' =a" +4a’b+6a’b’ +4ab’ +b".

i. Determine the roots of the equation z* = -1.

: 1 , ,
i Using the fact that z" + — =2cos #¢, find an expression for cos * ¢
z

in terms of cos né.

End of Question 6

11

Marks
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Question 7 (15 Marks) Begin a NEW booklet

a)

Prove that €08 (k-1) 6— 2cos 0 cos k0 = — cos (k+1g
. Hence, using mathematical induction, prove that if n is a positive integer
then

1-cos @ —cos nf +cos (n—-1)80

2~ 2cos ¢

1+cos € +cos 20+ ... .. tcos n—1 0=

A mass of 20kg hangs from the end of a rope and is hauled up vertically from rest
by winding up the rope. The pulling force on the rope starts at 250N and decreases
uniformly at a rate of 10N for every metre wound up.

Find the velocity of the mass when 10 metres have been wound up.

(Neglect the weight of the rope and take g = 10ms * )

When a polynomial P(x) is divided by (x — 1) the remainder is 3 and when divided

by (x — 2) the remainder is 5. Find the remainder when the polynomial is divided
by (x = 1)(x — 2).

How many different words can be formed from the letters A, A, B, C, D, E, E if the
word must contain:

All seven letters (1 mark)

Exactly four letters

End of Question 7

12

Marks
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Question 8 (15 Marks) Begin a NEW booklet

a)

In the diagram PCQ is a straight line joining the centres of the circles P and Q.

AB and DC are common tangents.

Given

Explain why PADC and CDBQ are cyclic quadrilaterals.

Show that AADC ||| ABQC.

Show that PD || CB.

2 cos Asin B =sin (A + B) —sin (A-B)
P=1+2cos @ +2cos20+ 2cos 36

o 760
Prove that P sin — = sin —.
2 2

Hence show that if € = 27 then
7

P=1+2cos @+ 2cos 20 +2cos 3¢ =0

T
By writing P in terms of cos &, prove that cos 2% is a root of the
7

Polynomial equation
8x  +4x’ —4x-1=0

End of Examination

13

Marks
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x" dx

—dx

e dx

cosax dx

sinax dx

’ secZax dx

[ secax tanax dx

[ l dx

5
N (f2 + x~

— X

’ 1
’ ——dx
1.2 2

S ONXT —d

[ .;(h‘

JAx?+a?

’ ; dx
"\.': o 2 2

STANDARD INTEGRALS

= x 7, o n#=—1l; x=0,1fn<0
=lnx, x>0

|
=—e™ a#0
a

= —;sin ax, a#0
4

= ——fog ax, a=0
¢

= Etan ax, a#0

= Tscc ax, a#0
[

X
=—tan —, a=#0
a a

X
=sin l_;' a>0 —a<x<a
e

= ln(.x +x?—a? ), x>a>0

= ln(.x +x% +a? )

NOTE : Inx=log,x, x>0
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Qucstion 1 | Trial HSC Examination - Mathematics Extension 2 2010
Part | Solution Marks | Comment
a) z ol z Use standard
" secdx tfandx dx =[MZ x} 1 integral sheet
1 T T
=—| sec ——sec—
4 3 4
1
-4[2-+2] 1
_2-42
4
b) J'xlnxdx=lx2]nx—jlx2.ldx 1
2 x
l34: ]_nx——_[x el
2
“lemalege 1
2 i |
c) 3 2 By division
9x> + 9x? M3 EX j(3x2__2x+1_+_ o
3x+1 3x+1- S
=X+ +x+mGx+D+e 1
d) i 3x7 —2x -3 _ax+b+ c
C 2 H9)x-3) 49 x-3
35 = 2x =3 =(ax + b)(x = 3) + c(x* +9) 1
x=3—->18=18¢
ne=1
=02 -3=-3p+9 Any fair
Lh=4 method
i=1l—--2={a+4(-23+10
=2q0+72
Sa=2
ca=2b=4c=1 1
ii.j3x —2x -3 dx j 2x+4 i
‘x +9ix 3 x? +9 x—3
2x 1
+ dx 1
J-{ 2 x +9 x—BJ
4
In{x +E§-‘)+E —+h1(x 3)+e 1 | Fany
, x simplified
= ln(x' + E'Ix - 3]+§tan ! 3 +C not needed




2010

Question 1 | Trial HSC Examination - Mathematics Extension 2
Part | Solution Marks | Comment
i
e [ .7
) j 2 - 49 it £ = tﬂnE
* 14sin 8 +cosd 2
dt 1 , 0
——=—yer " —
do 2 2
| 7]
=—|l+tan’ =
2 2
— 1 2
E (]. +t )
@__ 2
dr 1+
_ 2t \
1+
0=" =1
2 {
=0,t=0
N I /R o o
1 141 1 2dt
j °=j 2 2 ‘
v 2F 1-t Pl  + 24 +1-4¢
1+ T
1+ 14§

_ Jl 2 dt
02+ 2t
= [In L+ )],

=m2-Inl
=2




Question 2
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2010
Part | Solution Marks | Comment
a) |i AB=(3+4ifl-1i)
=3-3i+4i+4 1
=7+7
i A 3+4i
"B i(l-i)
=3+4ixl—l 1
1+i 1-i
' :3—3f+4i+4
2
7+i 7 1,
2 2 2
iii. Let VA =a+ib (aandbreal)
A = d— b +2abi 1
Lad-b=3 , 2ab=4
ab=2
b=Z
a
2 4 -
nat-—=3 Any fair method
a
a* -3a* -4=0
(a* - 4)fa® +1)=0
1

=+ 2 only real solution
1

aAA=2(2+i)




Question 2 | Trial HSC Examination - Mathematics Extension2 | 2010
Part | Solution Marks | Comment
i w=43+1= 1
N
w=2 ———i
2 2
3 1
IfArgw=126 cos 8 = —, sinf = ——
2 2
g=_T
S -
4
SoAre w = — —
g p 1
i w= xE —-i=2 cos(—ir-}-i- isin [—E)
6 6
~w =32(cos % +isin _7
6 6
1
=32 (—ﬁ— L fJ __
= -16+/3 - 16 1
c) 1. OB =i04 %2
=i(x+iy)x2
=2y + 2ix 1
. OC=0B+ 04
=(-2y + 2ix) + (x + iy)
={x—2p) +(2x + )i 1
iii. BA=B0+ 0A
=—0B + 04
=—(2y+2i)+(x +iy) 0 if signs
=x+2)+{y-2x)i 1 incorrect







Question 3 | Trial HSC Examination - Mathematics Extension2 | 2010
Part | Solution Marks | Comment
a) L y= 1

f(x)

2 marks each,
deduct a mark
for a major
feature missing
or incorrect, €.g.
asymptotes not
correct in (1)




Question 3 | Trial HSC Examination - Mathematics Extension2 | 2010

Part | Solution Marks | Comment
b) |, c?
i y=—
x
2
1
Q=—C—2 , at x=ca @:——2
dx x dx a
. Gradient of normal = &* 1

-.Equation of normalis y — < =a? (x - ca)
[24)

= azx - 6‘03

¢
y=a’x+—-ca’

a
y:a2x+£(1—a4) 1
a
CZ
ii. Solving y=— with equation in (i)
x
c? c
—=a'x +—(1 - a4)
X a
a0 e
o I D
c2
Product of roots = ——- 1
a
The roots are x =ch and x =ca
c2
sctab = -—
a
1 1
bh=—-—
a3
ili. Asymptotes become y=+x
Original Vertices .
¥ (¢ £0) 1 Any lo_g1cal
reasoning
Distance from O 1

N . is V2 ¢
2 - New vertices

. - = (iﬁ,o)

i
1
< 2a > na=+2c¢ 1
As it is rectangular

b=\/§c

2 2
T2t 2t
soxt -yt =260




Question 4
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2010

Part

Solution

Marks

Comment

a)

ia=2,b=1
x2
. Equation is — + y* =1

k2

2=1__

¥ 4
4-k*

4

~.Length of side of triangle = 4 - k°?
.. Area= %\/4 —-k* .J4— k* sin 60°

_1 ) A3
~5@—k}3—
SRR

4

ii. At x=F,

SLy=%

Nl

~.Volume of slicc OV = —— (4 —k* ) ok

Volume = ——— units *

o9
(P8 ]
W

TficLetslicethickmess=3dk— — —— ~~ " T




Question 4 | Trial HSC Examination - Mathematics Extension2 | 2010
Part | Solution Marks | Comment
b)
Atx =k
y =5k
Let thickness of shell
be 5k
. Volume of shell
_ 2 (1 _ 2
V=r (k (k &) ) Y 1 Can use formula
= 7 (2k&k — k) y
As ok —>0
1
v={2mk ydk
— 3 2 1
= 2nf k(5K - k?)dk
[ _4_ 3
B e i
3 4],
4 3 4
Volume = ——  units ° 1




Question 4
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2010

Part

Solution

Marks

Comment

c)

L X=x
nx=X

XX =3X +9=0

X (VX -3)=-9
-9
'\/}—3=Y
\/}=:~9—+3
X

X X
X*=81-54X+9X>
Required equation is

2 —9x* +54x—81=0

ii. from equation in (i) sum ofroots is given by

L e S ERE

Now, in original equation
o’ —3a’+9=0
B =38 +9=0}as x=a, 8, y areroots
¥ =3 +9=0

Adding,
o +B+y° —3(0&2 +p? +x2)+27=0
o +B +o* -3(9)+27=0

o Byt =0

-l —— — - - ——— — ——— — = —

B

Any method

Ang-method—— -

d)

Let P(x) = (x— &) O(x)
AP (0)=2(x—a) Q) +(x~a): Q' (x)
=(x-a)20()+(x-2)0 )]

- P’ (x) has asingle rootat x = &

[y

/15




| Question 5 l Trial HSC Examination - Mathematics Extension 2 | 2010

i)
Retode eround gortia auend 2o bpoos .
pnPerved.: T+ 36x 200D

=124 Gel
- 286 = 105_3

T= .2y
Lar

weo= 2 o W S w10~
T oL

FawHm

r . A
ot e.w—%k.: E.r.u-jar:c, =R F=mg _ \ racts
kMw = BT mg -.
N = e R mﬂ waommn e — 1 rearic,
e EE . . L —

11} Nows F ra ceninipecal +ou:mc15 Caadice
csd‘t 2 oty
w F-= meass

so varwst = R¥mg
i_F—

ri= &7mg . Ry

> [T

2 L o 0%
(’-{-5' * ID""_)Q'

- 2
= LT 02 o LA x10

. s BsSeR 100712 v ‘553"%'5‘45%,"‘
T S5 YA em = ES¥E\ km b most.
\,/a:l-\e.rﬂl..:! aboue ecrils ‘E‘.LU“F&CV

et/‘o‘s‘%’%%- = S5 FS - bao0 = U4 kms t N

;_EE——"S’tﬂ s secHellide needs e be i{qumi:_m_s aloua ooflly :

§a k= scofocce-
A = ru

LY 52 = 10 -F t ek

=27 mls




5 Lety:%
sy =n [u(x)] - In [w(x)]
L) v(x) 1
y dc u(x) v(x)
v(x) dv_u(x) v(x)
u(x) dx u(x) v(x)
@zu'(x)_v’(x).u(x)
& vix)  pEF
b 6w D)-u ) ) 1
dx v ()]
c) i In=Itan " xdx
=jtan2x.tan"_2xdx 1
—j(sec x— 1)tan x dx 1
*jsec xtan " xdx — _[tan Txde 1.
_ ______:____1_____t_an_ - x_ __1_1_ Rl i Rt
n—1
ii. Juﬁtan3xdx={%tan2x}%—jﬁ tan x dx 1
= L1 0]+ i os 0l S
1 1
-3+ o)
1 1
=-2-+]nE 1

15




Question 6 | Trial HSC Examination - Mathematics Extension2 | 2010
Part | Solution Marks | Comment
a) i. ¥X=g—-kv 1
, dv
i.h ¥=—=g—kv
a ¢
ﬁ 1
dv g-—kv
t=—%1n(g—kv)+c 1
Whent=0,v=20
1
ne=—1In
. g
t=ttmg-Llm(g-m)
o k g P g
K-ln [L] 1
g—kv
G _ &
g—kv
gefn' _ kvekf — g
geh _ g = kvel(f
g (e’“ - 1): fve®
g -
V=Y (-e™) 1




Question 6 I Trial HSC Examination - Mathematics Extension2 | 2010
Part } Solation Marks | Comment
a) .. .. d(1 ,
. ¥x=—| —v
de \ 2
d(l 2) dv
= — _v 4 —
dvi2 dx
_dv
=44
dx
dv 1
L —g—ky
vdx g
d_g-k
dx v
ﬁ_ v
dv  g—kv
[ & & !
A _ 1l v | 1 ke, _k
av k E—v k g—-v g_v
| k |k k
.. . g_ ~
g e
v g_,
i koo
.x=l —v~£]n[§—vJ +c
k k k 1
Whenx=0,v=0
el 88
k k k
'.x:l glng—v—gln g—v
k|l k k k k
£
Hgnl ]
& _y
k




Question 6 | Trial HSC Examination - Mathematics Extension2 | 2010
Part | Solution Marks | Comment
b) i z%=cos 40+ isin 46
also by expansion
= ¢* +4ic’s - 6¢’s? - dics” + 5° 1
Where ¢ = cos Gand s = sin 0
=c* + 5% —6cis + 4i (c3s - cs3)
Equating real parts
cos 40 =cos * O+ sin? O - 6cos? Osin? 0 1
=cos 0+ (1 —cos? 8y
~6cos? (1 —cos’0)
=cos?@+1-2cos’ @+ cos? O
—6cos’B+6cos?B
=8cos?@ —8cos? O+ 1 1
it. cos 468 = -1 (Equating real parts)
A0 =r, -7, 37, - 3% 1
_r _z3x 37
4> 4747 4
e T n) 3z 3x T
~Roots-are—eis—; ¢is-|-——-|; cis— ¢is |-——
4 4] 4 S N A
1
ili. z+—=2cosé
z
1 4
[z+—) =16cos * @
zZ
LHS = z* +4z3.-1-+6z2.—1_—2; +4z.L3+—IT
z z z z
s 1 . 1
=z +—+4|z°+—|+6 1
z z
~16cos™ 8= 2cos 40+ 8cos 20+ 6
1

scost @ =%cos4€ +lcc>329 +§

/15




Question 7 | Trial HSC Examination - Mathematics Extension 2

2010

Part

Solution

Marks

‘Comment

)

i cos[(k—1)8]-2cos 8 cos k8
= cos k6 cos @ +sin k@ sin § — 2 cos & cos k6
= —(cos k8 cos 6 — sin k4 sin )
= —cos (k6 + )
= —cos[(k +1) 8]

ii. Whenn=1
LHS=1 RIS = l1—cos@ —cos8 +cos0
2—2cos 8

_2—-2cos@

- 2—2cos0

=1=LHS

sTrueforn=1
Assume true forn =k
ie.

1+cosH+,._,,+cos[(k_1)9]=1_0056'"005k9+005[(k_1)9]

2—-2cosd

Whenn=ks1 - -

L+cos@+....cos[(k=1)8]+coskd
_ 1—cos 8 —cos k8 +cos [(k-1)6]
2—-2cos@
1—cosé —cos k8 + cos [(k —1) 8]+ 2 cos k-2 cos & cos kO
2—-2cosé
_ 1-cos @ + cos k@ — cos [(k +1) ]
2—2cosd
_ 1—cosé —cos [( + 18]+ cos [((k +1)~1) 9]
2—-2cost
Iftrue forn=1thentrueforn=1+1=2etc
.. By induction true for all » positive integers.

+ cos k6




Question 7 | Trial HSC Examination - Mathematics Extension 2

2010

Part

Solution

Marks

Comment

b)

Let Pulling force = F and distance pulled up be x metres.
dF
—=-10
dx
F=-l0x+c
Whenx =0, F =250
S E=250-10x
At the mass
208 =F -20g
=250—-10x - 200

.

Whenx =10, v*=0
.. The mass is stationary.

When dividing by (x — 1)(x — 2) the remainder is in the form ax + b.
Pxy=x-Dx-2)Q0x)+ax+5b

P(l)y=a+5b=3
PQ2)=2a+b=5 .
na=2,b=1
~.Remainder is 2x + 1

3 -
(d)ﬁrh RebEE w="1 XA 2xE

1 waosl, corect

Il Qunmae £

)Q_A‘;] {1 E 4y -
n) QA 2E's 5%1". - b,
§) €', heo A scyx b =36
b)aE‘s,m QC‘K:__-!‘.tgL
Toded wituales 3 270 f-ﬁf«h correct




Question 8
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Part

Solution

Marks

Comment

a)

i ZPAD = /DCP=90° (Radius is perpendicular
to tangent at point of contact)

S PADC is cyclic (Opposite angles supplementary)
Similar for CDBQ

T et z4DC=0——" """ -

~Z BQC = @ (Ext. angle of cyclic quadrilateral)
DA = DC (Equal Tangents)
- A ADC 1s isosceles

S ZDAC = ZDCA = [90 - %)
BO = CQ (Equalradii)

= ABQC 1s isosceles

L ZLBCQ =ZCBQ = (90 - g)
. AADC|||ABQC (AAA)

ili. From above
ZAPC =180 -0 (opposite £ of PADC)

ZPDC = (90 - g) (PD bisects ZAPC)

= £ZBCQ (from (ii))
.. PD || CB (corresponding £ equal)

Ab\a corect
proo%




_“

Question 8 | Trial HSC Examination - Mathematics Extension2 | 2010
Part | Solution Marks | Comment
b
) i Psin g
2
=(1+2cos @+ 2cos 28+ 2 cos 38) sin g
= 5in E + 2 cos Osin Q + 2 cos 20 sin 2
2 2 2 1
. f
+ 2 cos 38 sin E
i e S e
S =sip— +sinA~— — s — + sip— —sin
2 2 2 2 2 .
+ sin 79 ~9)‘/§—H
2 2
= sin E 1
2
ii. From (1}
P sin 2 =gsin E
2 2
.
When 6 = =
7
PsinZ =sinn 1
7
=(
. T
As sin 7 #0then P=0
i1e. 1+42cos@+2cos28+2cos38=0 1
ifi. P=1+2cos 8+ 2( 2cos* 8 —1)
+2(4cos’ 0 =3 cos 6) 1
=8cos 0+4cos*0 —4cos O 1 1
P=8x*+4x* —4x -1 whenx=cos @ 1
From (ii)
P =0when 8 = -2£
7
1

2 . )
S.X =cos - is & solution.

/15
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